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Abstrat
In omputer simulations performed in onstant number of partiles en-
sembles, although the total number of partiles N ontained in the simulation
box does not utuate, hene giving a zero apparent ompressibility, there
are still loal utuations in the number of partiles. It is shown herein that
these apparent utuations produe a ompressibility that an be omputed
from the alulated radial distribution funtion, and whih mathes to a
great auray the ompressibility of the uid for the open system.
This statement implies that the radial distribution funtion evaluated
in simulation of onstant number of partiles is idential to that evaluated
in the grand anonial ensemble, for the entire distane range within half-
box width. This is illustrated for the hard sphere and Lennard-Jones uids
and for moleular models of water. The origin of this apparent utuation
is that the bulk of the remaining partiles, outside the range over whih
the distribution funtion is alulated, at as a reservoir of partiles for
those within this range, thanks to the periodi boundary onditions. The
impliations on the alulation of the Kirkwood-Bu integrals are disussed.
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1 Introdution
The statistial theory of liquids is now mostly textbook knowledge. Within suh
a theory one shows that the isothermal ompressibility of a liquid is related to the
utuation in number of partiles of the system, through a utuation-dissipation
type relation:
χT
χ0T
=
(
∂ρ
∂βP
)
T
=
< N2 > − < N >2
< N >
= 1 + ρG (1)
where χ0T = β/ρ is the ideal gas ompressibility, β = 1/kBT is the Boltzmann
fator and ρ = N/V the number density. The rst equality in (1) is a thermody-
nami denition, while the two last equalities are derived in the grand anonial
ensemble[1℄, where the utuation in the number of partile is allowed. G in this
equation is the integral of the radial distribution funtion (RDF) g(r)
G = 4π
∫ ∞
0
dr r2(g(r)− 1) (2)
From Eq.(1) it is seen that the ompressibility is related to the utuation in
number of partiles through the seond equality. Therefore, we do not expet these
relations to hold in any onstant N ensemble suh as the miro-anonial (onstant
N,V,E), anonial (onstant N,V,T) or isobari (onstant N,P,T) ensembles. In
suh ensembles, the last equality is expeted to give 1 + ρG = 0. Many textbooks
show that this is indeed the ase, when G is evaluated in N-onstant ensemble.
One suh demonstration is provided in the next setion of this report. Sine the
RDF an be evaluated by simulations in dierent ensembles, one expets the above
onstraint to be veried in N-onstant ensembles. We show here that this is not
the ase, and that, in fat, the eetive ompressibility evaluated through Eq.(1)
using the RDF, as well as the RDF itself, evaluated in the anonial ensemble, for
example, math the expeted ones with great auray. This ontradition is lifted
by onsidering ontributions from the periodi boundary onditions, as disussed
later. In fat, this result should not surprise us, sine it is well known that the
hemial potential an be evaluated from simulations in N-onstant ensemble[2℄.
The proedure onsist in evaluating the insertion free energy of an additional
partile, whih impliitly supports the existene of loal density utuations. It is
these loal utuations that give rise to the apparent global density utuation,
in the very absene of any suh marosopi feature.
Suh behaviour is observed equally in mixtures, where, in addition to density
utuation, onentration utuation also play an important role. Hene, it gives
some additional support for the evaluation, through omputer simulations, of the
so-alled Kirkwood-Bu integrals (KBIs)[3℄, that have attrated reent interest in
the modeling of the fore eld of aqueous mixtures[4, 5℄. Indeed, suh mixtures
tend to show appreiable miro-segregation, that an be deteted to some extent
through the omparison with the experimental KBIs[4, 6, 7℄. Sine these quanti-
ties are simply the integrals of the various site-site radial distribution funtions,
the evaluation of the latter by omputer simulations has an undeniable interest.
However, the theory behind the KBIs is stritly a grand anonial approah[3℄.
Then, one is interested to know what are the limitations of the RDF omputed in
onstant-N ensemble simulations
It is worthwhile mentioning that, the problemati of omparing the RDF eval-
uated in dierent ensembles, have been addressed in the past by few authors[8, 9℄.
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To our knowledge, however, the fat that the isothermal ompressibility and the
RDF math that evaluated from grand anonial ensemble has not been addressed
in present terms.
The paper is organized as follows; the next setion presents the theoretial
material that is needed to larify the issue raised here . The results setion ontains
an illustration on the hard sphere, Lennard-Jones and some water models. Finally
the disussions and onlusions are given in setion 4.
2 Theoretial details
As stated in the introdution, there is a onnetion between the utuation of the
number of partiles N and the isothermal ompressibility χT , whih is found in
many textbooks of the liquid state theory[1℄. We reall here briey the main steps
for ompleteness sake.
The RDF is a key quantity in the analysis of liquids sine it provides a diret
information about the mirostruture of liquids. This funtion is related to the
seond member of the whole hierarhy of density orrelation funtions, that an
be onstruted as statistial moments from one single funtion, the mirosopi
density in a N-partiles system
ρ(1) =
N∑
i=0
δ(i− 1) (3)
with δ(i) being the Dira delta funtion and with the onvention that 1 = (~r1,Ω1)
represents the position and the orientation of moleule labeled 1. This denition
is equivalent to a snapshot of the instantaneous position and orientation of the
partiles, and thus represents one mirostate of the system. It is interesting to
note that this quantity is the basi observable that an be perused by omputer
simulations. In pratie, however, we are essentially interested in averages of
this quantity and its various orrelations. These averages an be performed in
dierent ensembles. For a given ensemble, one an dene, for example, the one-
body funtion ρ(1)(1) =< ρ(1) > whih for the translationally and rotationally
invariant systems (homogeneous and isotropi) that we onsider in this report is
simply
ρ(1)(1) =< ρ(1) >= ρ¯ = ρ/ω (4)
that is the number density ρ = N/V divided by the solid angle ω (where ω = 4π
or 8π2 depending on the symmetry of the moleule).
Going one step further, one an equally dene the seond moment, namely the
two partiles density as
ρ(2)(1, 2) =< ρ(1)ρ(2)− δ(1, 2)ρ(1) >=<
∑
i 6=j
δ(i− 1)δ(j − 2) > (5)
The pair orrelation funtion g(1, 2) is then dened by
ρ(2)(1, 2) = ρ¯2g(1, 2) (6)
This denition implies that when the partiles are unorrelated, that is for example
when they are innitely far apart, then one has exatly ρ(2)(1, 2) = ρ¯2, whih
means:
lim
r→∞
g(1, 2) = 1 (7)
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It is lear that this relationship is trivially valid for an innite system, but must be
revised for a nite system with N partiles in a volume V. This is, for example, the
ase of the miro-anonial (onstant NVE), anonial (onstant NVT) or isobari
(onstant NPT) statistial ensembles, in whih most simulations are performed.
In the following disussion, we take as example the anonial ensemble, but the
reasoning equally holds for the other two ensembles.
For the translationally and rotationally invariant systems onsidered in this
report, equation (6) together with (3) leads to
g(1, 2) =
N(N − 1)
ρ¯2ZN
∫
d3...dN exp(−βV(N)) (8)
where ZN =
∫
d1...dN exp(−βV(N)) is the anonial ensemble partition funtion,
with V(N) being the total interation energy between the N partiles. The RDF
g(r) is then dened as the angle average of g(1, 2) as:
g(r) =
1
ω2
∫
dΩ1dΩ2g(1, 2) (9)
It is perhaps worthwhile noting here that the denition (8) ontains the fator
N(N−1)/N2, where the numerator arises from the number of pairs in an ensemble
of N partiles, while the denominator is oming from the fator ρ¯2 in (6). It is this
fator that is responsible for the asymptoti limit of the RDF in nite systems.
Let us examine the asymptoti behaviour from Eqs.(8,9) when r → ∞. From
Eq.(8), when r12 →∞ , that is when the two partiles are far apart, one an neglet
the interation between them in V(N), hene one gets diretly from Eqs.(8,9), for
the anonial ensemble
lim
r→∞
g(r) = 1− 1/N (10)
This relation hold equally in the miro-anonial ensemble. In the isobari, on-
stant NPT ensemble, the orresponding limit is g(r)→ (1−1/N)λ(V ), where λ(V )
is a formal funtion whose form is given in the appendix. This size dependene is
expeted to be observed in the anonial ensemble, and one an see from Eq.(1)
that the integral G should trivially satisfy
1 + ρG = 0 (11)
sine N does not utuate.
The RDF an also be diretly obtained from omputer simulations from Eq.(5).
This equation tells us that we only need to ompute the histogram H(r,∆r) whih
ounts the pairs of partiles at a distane between r and r + ∆r. The resulting
expression is:
g(r) =
H(r,∆r)
N2∆V (r,∆r)
(12)
where ∆V (r,∆r) = (4πr2∆r)/V0 is the volume of the spherial element onsid-
ered, redued by the total volume V0 of the simulation ell. The above expression
is the equivalent of the seond equality in Eq.(5). In pratie, this alulation is
performed and averaged over several ongurations or mirostates. It is very im-
portant to note that Eq.(12) is valid for any statistial ensemble. It is the nature
of utuations of a partiular ensemble that will aet the form the histogram
H(r,∆r) and determine the orresponding asymptoti behaviour of g(r). Hene,
it is not appropriate to introdue additional fators into this expression, in order
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to enfore expeted behaviour. This point is worth mentioning, sine inorret
additional fators are often found in some algorithms.
An important remark must be made at this point. The omputer simulations of
the various N onstant ensembles are not stritly onerned by arguments about
nite or losed systems, sine the periodi boundary onditions allow to mimi
an innite system. This is, of ourse, size dependent. It turns out that this fat
permits some kind of pseudo-utuations in the number of partiles within spei
subvolumes, that we onsider to be loal utuations, while the total number of
partiles in the simulation ell does not utuate. In order to grasp what this
feature ould indue, let us imagine a very large system, that is onstrained to
be nite (a uid in a huge box). Then, we onsider omputing the g(r) in a very
small sub-system inside this large system. Clearly, the outer part of the system ats
as a partile reservoir, and we naturally expet the resulting g(r) to ontain the
utuation of partiles orretly desribed, that is the orret asymptoti limit, i.e.
unity. Sine the g(r) of small systems are omputed within a sub ell of the system
box, usually in a spherial shell with radius about L/2, where L is the simulation
box size, we expet some inuene on the g(r) of the utuations of the number
of partiles of this subsystem. This is what we examine in the next setion. It
should be lear, at this point, that our onsiderations about apparent utuations
hold only for subvolumes smaller than that of the largest sphere insribed within
the ubial box, and that utuations beyond this range will inevitably show that
the total number of partiles is xed.
These denitions an be equally extended to mixtures. In partiular, the
Kirkwood-Bu integrals are dened between speies labeled α and β as:
Gαβ = 4π
∫ ∞
0
dr r2(gαβ(r)− 1) (13)
where gαβ(r) is the orresponding RDF.
3 Results
Nothing, in the general formalism outlined above, prepare for the atual results we
have observed in our simulations. We have evaluated the RDF and the resulting
ompressibility (through (1)) for the hard sphere uid and two water models.
Constant NVT Monte Carlo (MC) simulations have been performed for the hard
sphere and Lennard-Jones uids, for various system sizes (N=500, 2048, 4000).
These two models are the arhetypal models for simple liquids, and thus serve
as a perfet basis to test the laims. Moleular Dynamis simulations in the
onstant NPT ensemble have been performed for the SPC/E[10℄ and TIP5P[11℄
water models, with N=864, 2048 and N=10976. The alulations show in an
unbiased manner that the RDF have the orret asymptoti limit, i.e. unity.
3.1 The hard sphere uid
One omponent hard sphere (HS) uid has been equilibrated using a onstant
NVT Monte Carlo ode, for various system sizes, and for the xed redued number
density ρ∗ = (N/V )σ3 = 0.8, where σ is the hard sphere diameter. This density
an be onsidered as dense enough for a liquid phase. The RDF for systems with
N=500, 2048 and 10976 have been omputed with statistis performed over 100
5
million partile moves. This exeeds by far the usually enountered numbers, but
it is neessary in order to have aurate evaluation of the g(r) at large distanes.
Fig.1 shows the RDFs in the entire range, and the inset shows the integrand
y(r) = (g(r) − 1)r2. The expeted asymptotes −r2/N are also plotted, eah for
the range over whih the RDFs have been evaluated. The inset indiates learly
that y(r) osillates around zero, rather than the expeted asymptotes. The RDF
alulated from the Perus-Yevik (PY) theory is equally shown. Sine this RDF is,
by denition, alulated in the grand anonial ensemble, it serves as a test of the
asymptoti limit, despite being an approximate theory. One noties in partiular
the very good agreement at large distanes between the osillatory struture from
the PY theory and the simulations with N=10976, whih is learly seen in the
inset.
3.2 The Lennard-Jones uid
The one omponent Lennard-Jones (LJ) uid has been also studied by an NVT
onstant MC algorithm, for redued density ρ∗ = 0.9 and redued temperature
T ∗ = kBT/ǫ = 3.0 (where ǫ is the energy depth of the LJ interation). This hoie
orresponds to a point in the dense and high temperature state of the LJ uid.
Systems sizes of N=500, 2048 and 10976 have been studied, with statistis similar
to that of the hard sphere uid.
Fig.2 is the analogous of Fig.1 but for the LJ uid. One again, it is observed
that the RDF tends to unity, despite the fat that we are in an onstant N ensemble.
The PY results are also plotted and serve as a referene, despite the approximate
nature of this theory. In the high temperature region, this theory is expeted to
be more appropriate than the hypernetted hain (HNC) theory, sine in the high
temperature regime the orrelations are expeted to be dominated by exluded
volume eets, and be loser to the HS regime[1℄. It is observed that the long
range osillatory strutures, between the simulations and the theory, are again in
very good agreement. The large osillations for the N=10976 system are due to
the high temperature, and are diult to redue, despite statistis olleted over
100 million moves. Again it is observed that none of the data follow the expeted
1/N asymptotes that are plotted in the inset.
Fig.3 shows the running redued ompressibility χ∗T = χT/χ
0
T for the same
system. The numerial value obtained from the PY theory is χ∗T = 0.05254, shown
as an horizontal line, and serves as a omparison point for the unknown exat
ompressibility for this state point. The agreement between the asymptoti limit
evaluated through Eqs.(1,2) indiates that the pseudo marosopi density utu-
ation in this system where neither N nor V are hanging, tend to a non zero value,
whih is quite niely seen for the N=10976 system. This value of the ompressibil-
ity, estimated to be about 0.035, is below both that of the approximate PY and
HNC(0.07564) theories, whih tends to overestimate the orret ompressibility.
The virial pressures (ompressibility fator Z = βP/ρ) obtained from the HNC
and PY theories are 6.398 and 4.90, respetively, while that obtained from the sim-
ulations is 5.140. The redued energies per partile are -1.167 (HNC), -1.453(PY)
and -1.395 (MC). The simulated values are seen to be in between those of the two
theories. This reets the trend generally observed that the two theories braket
the exat results.
As a side remark, it is rather worthy of note that the onvergene of the value
of the ompressiblity should need systems sizes as large as N=10976 for systems
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as simple as the HS or LJ uids. Properties suh as the pressure or the internal
energy, onverge faster, that is within a smaller range of distane. The typial
example of this is the pressure for hard spheres that requires only the ontat
value of the g(r). The prinipal reason for these properties to onverge faster is
that the integrand is weighted by the interation (or the derivative), whih sreens
the long range osillatory behaviour of the RDF.
3.3 Water models
Moleular Dynamis simulations in onstant NPT ensemble, using the DL-POLY2
ode[12℄, have been performed for two water models, namely the SPC/E and
TIP5P models, under ambient onditions. The oxygen-oxygen RDF gOO(r)have
been omputed for several system sizes, whih is N=864, 2048 and 10976 for the
SPC/E model, and N=2048 for the TIP5P model. Averages have been performed
over several hundreds of thousand steps.
Fig.4 shows the RDF, and the inset shows the integrand (gOO(r)−1)r
2
. Again,
the asymptoti limit is near perfetly unity, in ontradition with the fat that
this alulation is done in the N,P,T onstant ensemble, where the strit appli-
ation of the arguments developed in Setion 2, give the following expetation,
limr→∞ g(r) = (1− 1/N)λ(V ) (see the appendix).
Fig.5 shows the experimental and alulated KB integrals from simulations.
The experimental ompressibility at room temperature is 0.4533GPa−1[13℄. From
this value we estimate the experimental G to be G = −16.9cm3/mol, whih is
shown as an horizontal line. The agreement is very good, indiating again that
the true and apparent ompressibilities are in good orrespondene. One an note
the fat that both water models reprodue well the experimental ompressibility,
whih is an indiation of their auray with that respet (TIP4P is equally in the
same auray region, although not shown here).
4 Disussion and onlusion
The results shown in the preeding setion demonstrate numerially that the ap-
parent density utuations in N onstant ensemble simulations math near per-
fetly those of a orresponding system where N would be allowed to utuate.
In addition, the RDF evaluated in suh ensemble tend to the orret asymptoti
behaviour, i.e. unity. These ndings are purely empirial, and nothing in the the-
oretial onsiderations of Setion 2 allows us to antiipate or justify these ndings.
Examining the onditions of the realization of the various N-onstant ensemble
in omputer simulations, we notie that these ensembles are not losed, sine
they are made innite through the periodi boundary onditions. In fat, a nite
onstant N system annot be losed in the sense of having a xed boundary, sine
this boundary will always inuene the distribution of the partiles by making the
system inhomogeneous, and thus rendering useless the formalism exposed in the
setion 2. In this, the term losed used in Ref.[9℄, and various subsequent reports
by other authors, is totally inappropriate. The absene of boundaries permits an
eetive utuation of the number of partiles inside any subvolume, and the
numerial evidene here simply indiates that this utuation is enough to indue
an apparent marosopi utuation through the RDF, that is near exatly that of
the open system. The fat that a small system of few hundreds to few thousands
partiles an reprodue a marosopi quantity is not new; many marosopi
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thermodynami quantities are evaluated within suh small mirosopi subsystems
that are the simulation ells. In fat, as stated in the introdution, the very fat
that one an use an N-onstant ell to ompute the hemial potential, indiates
that the utuations in the system are the appropriate response to loal variations
in pressure and volume.
One of the interesting onlusions of this study is the perspetive of its appli-
ation to mixtures, and partiularly to aqueous mixtures. Indeed, in suh systems,
onentration utuations are very important, due to spei self-lustering ten-
denies indued by the ability of water moleules to link together through hydrogen
bonds. One of the questions that have aroused in reent works [6, 7℄ is the ability of
the onstant N simulations to reprodue properly the orret long range behaviour
of the various RDFs, and in partiular that between water moleules. The present
study gives some ondene in the onstant N simulation studies of suh systems,
one are is taken to onsider sizes large enough to support loal immisibility
without leading to marosopi phase separation.
Appendix
The omputation of the formal limit of g(r) in the NPT ensemble follows a logi
similar to that exposed in Setion 2. We start from the equivalent of (8) whih is
now
g(1, 2) =
N(N − 1)
ρ˜2QN
∫ ∞
0
dV exp(−βPV )
∫
d3...dN exp(−βV(N)) (14)
where QN =
∫∞
0
dV exp(−βPV )
∫
d1...dN exp(−βV(N)) is the partition funtion
of the (N,P,T) onstant isobari ensemble[1℄. The number density ρ˜ is now dened
as ρ˜ = N/V˜ , where V˜ is the eetive average volume of the system under onstant
pressure P . When r12 →∞, that is when the interation between partiles 1 and
2 an be negleted, Eq.(14) redues to
g(1, 2)→
N(N − 1)
ρ˜2
1
< V 2 >′
(15)
where
< V 2 >
′
=
∫∞
0
dV V 2 exp(−βPV )f(V )∫∞
0
dV exp(−βPV )f(V )
(16)
with f(V ) =
∫
d3...dN exp(−βV′(N)). The
′
indiates that the volume average is
taken for (N-3) partiles only. Eq.(15) an be rewriten as
g(1, 2)→ (1−
1
N
)
V˜ 2
< V 2 >′
(17)
The seond fration involving the volumes an be evaluated easily in the ideal gas
limit, but is not so for the ase the fully interating system. Nevertheless, one sees
that the asymptoti limit of the isotropi part of g(1,2) is not trivially unity, as
would be expeted in an open system.
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Figure aptions
1. Fig.1. (olor online). RDF of the hard sphere uid at ρ∗ = 0.8. MC
simulation results for N=500 (green), N=2048 (blue) and N=10976 (red).
PY result in blak. Inset: plots of y(r) = (g(r) − 1)r2 with same olor
onventions.
2. Fig.2. (olor online). RDF of the Lennard-Jones uid at ρ∗ = 0.8 and
T ∗ = 0.9. MC simulation results for N=500 (green), N=2048 (blue) and
N=10976 (red). HNC result in blak. Inset: plots of y(r) = (g(r) − 1)r2
with same olor onventions.
3. Fig.3. (olor online). Running (redued) ompressibility integral (see text)
for the system shown in Fig.2, with same olor onvention. The horizontal
line is the orresponding HNC ompressibility.
4. Fig.4. (olor online). Water oxygen-oxygen RDF from MD simulations for
pure water at ambient onditions. SPC/E with N=864 (magenta); SPC/E
with N=2048 (blue); SPC/E with N=10976 (blak); TIP5P with N=2048
(yan). The inset shows the orresponding y(r).
5. Fig.5. (olor online). The running KB integral for the systems shown in
Fig.4, with same onventions. The horizontal line is the experimental result
(see text).
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